A Courant algebroid E with a Dirac structure L ⊂ E is said to be a Manin pair. We first discuss E-Dorfman connections on predual vector bundles B and develop the corresponding Cartan calculus. This is then used in relation to Courant-Dorfman cohomology to compute a cohomology class that measures the obstruction to the existence of a compatible E-Dorfman connection on predual vector bundles B extending a given L-Dorfman action on B.
Introduction
Since their introduction by Liu, Weinstein and Xu [28] , Courant algebroids have enjoyed much attention due to their strong relation to higher structures [46, 1] and Generalized Geometry [3, 24] , along to their applications in String Theory [11, 15, 15] and T-duality [43, 44] , among others. Roughly speaking, a Courant algebroid is a vector bundle E → M endowed with a non skew-symmetric bracket on Γ(E), a bundle map ρ : E → T M and a fibrewise nondegenerate symmetric bilinear form on E, satisfying certain axioms similar to those of a Lie algebroid. Another important reason for receiving wide attention is their close relationship to Dirac structures. The latter were introduced in [9] to establish a unified framework for the study of presymplectic structures, Poisson strucures and foliations, and provide a geometric approach to the study of constrained mechanical systems. A Dirac structure is a Lagrangian subbundle L of a Courant algebroid E that is closed under the non skew-symmetric bracket of Γ(E). A pair (E, L) is called Manin pair.
On the other hand, the Atiyah class is a cohomology class that has been proved to contain information about the existence of many geometric structures depending on the context. For example, let (L, A) be a Lie (algebroid) pair, i.e. A ⊂ L is a subalgebroid of L and suppose A acts via a flat connection on a vector bundle B → M . The Atiyah class in this case is interpreted as the obstruction to the existence of an A-compatible L-connection on B [7] . It can be shown that in some particular cases it recovers other known classes: For a given regular foliation F on a smooth manifold M , the Atiyah class of the Lie pair (L, A) = (T M, T F) with B being a foliated vector bundle, coincides with the Molino class of the foliation, measuring the obstruction to the existence of "projectable transverse" connections on B. As another example, let X be complex manifold and recall the decomposition T X ⊗ C = T 1,0 X ⊕ T 0,1 X of its complexified tangent bundle in a direct sum of two complex mutually-conjugate subbundles T 1,0 X and T 0,1 X consisting of eigenvector fields of J with eigenvalues i and −i respectively. The Atiyah class of the Lie pair (L, A) = (T X ⊗ C, T 0,1 X) with B some holomorphic vector bundle, is then a Dolbeault cohomology class that measures the obstruction to the existence of holomorphic connections on B.
The notion of Dorfman connection was recently introduced in [17] by Jotz Lean in order to define, in the context of Courant algebroids, a structure that has similar properties to linear connections of Lie algebroids on vector bundles. This is used to study linear splittings of the standard Courant algebroid T E ⊕ T * E over a vector bundle E → M and to establish the existence of a one to one correspondence of linear splittings of T E ⊕ T * E with a special kind of Dorfman connection on E ⊕ T * M . This result generalizes the well known result of Dieudonné [12] that a linear T M -connection on a vector bundle E defines a splitting of T E in horizontal and vertical subbundles. For this purpose, Jotz Lean considers dull algebroids acting on predual bundles. The fact that the standard Courant algebroid over a vector bundle is a double vector bundle, places the new notion in a very interesting and rich geometric environment.
Here, we modify the initial definition of Dorfman connection given in [17] , replacing the dull algebroid by a Courant algebroid E → M . This is a connection on a predual bundle B → M and we show that such a connection always exists (Proposition 3.7). We then construct an Atiyah class for a Manin pair (E, L) which is perceived as the obstruction to the existence of an L-compatible E-Dorfman connection on B. To do this, we consider Roytenberg's differential operator d defined on the Courant-Dorfman algebra C(E, R) = (C p (E, R)) p≥0 of a Courant algebroid E [41] . The E-Dorfman connection ∇ on B is then used to define a covariant derivation d ∇ on the space C • (E; T (B)) of T (B)-valued cochains, where T (B) denotes the space of smooth sections of some tensor bundle constructed from B. This approach, allows us to develop a theory of E-Dorfman connections analogous to the classical theory of linear connections of Lie algebroids. We also explain how any E-Dorfman connection on B includes a B-linear connection on E (Proposition 3.9). The main result of the paper is Theorem 4.4 where we establish the existence and properties of the Atiyah class of an L-module B.
To the best of our knowledge, this is the first attempt to define an Atiyah class for a pair of non-similar objects. We already mentioned Atiyah classes for Lie pairs, while, for pairs of L ∞ -algebras, the Atiyah class was studied in [25] . For the graded viewpoint one can check [34, 27] and the references therein.
Very recently, Cueca and Mehta used the standard cochain complex of the Courant-Dorfman algebra of a Courant algebroid to develop a theory of linear Courant algebroid connections in a way that mirrors the classical theory of connections [10] . Their formulation is different from ours in certain aspects.
The outline of the paper is the following. Section 2 introduces the basic setup for Courant algebroids, cohomology of Courant algebroids, Dirac structures and Manin pairs. Section 3 is dedicated to Dorfman connections and the related notions: dual Dorfman connection, curvature of a Dorfman connection, and ect. Finally, in Section 4 we construct and we study the Atiyah class of a Manin pair. Throughout the paper we provide concrete examples of the constructions.
Notation: Let M be a smooth n-dimensional manifold, T M and T * M its tangent and cotangent bundle, respectively, and C ∞ (M ) the space of smooth functions on M . For each p ∈ N, we denote by X p and Ω p the spaces of smooth sections of p T M and p T * M , respectively. By convention, for p < 0 we set X p = Ω p = {0}, and X 0 = Ω 0 = C ∞ (M ). Taking into account the skew-symmetry, we have X p = Ω p = {0}, for p > n. Also, set X = ⊕ p∈Z X p and Ω = ⊕ p∈Z Ω p . Finally, for an arbitrary vector bundle E → M , the space of smooth sections of E is written as Γ(E).
Courant algebroids, Dirac structures and Manin pairs 2.1 Courant algebroids
The notion of Dirac structure presented in subsection 2.3 was introduced in [9] by T. Courant in order to develop a unified framework for the study of (pre)-symplectic structures, Poisson structures and foliations. The basic ingredient is a skewsymmetric bracket [·, ·], now called Courant bracket, on the space of smooth sections of T M ⊕ T * M . For 
Identifying the dual vector bundle E * with E via ·, · , we write d E = ρ * • d. 2
From the above axioms, we get [45] :
5. The right Leibniz identity is satisfied:
Furthermore, the left Leibniz identity takes the form
For e ∈ Γ(E) and α ∈ Ω 1 , with a simple calculation one also derives the identities:
where L and i denote, respectively, the classical Lie derivative and the contraction of differential forms. Finally, we note that the initial skewsymmetric bracket [·, ·] and the non-skewsymmetric bracket [[·, ·]] on Γ(E) are related through the equality ], ·, · , ∂) (or more simply (E, R)), a graded commutative R-algebra C(E, R) endowed with a differential d can then be defined. The resulting cochain complex (C(E, R), d) is called the standard complex of (E, R) and it is an analogue of the de Rham complex of a Lie-Rinehart algebra for a Courant-Dorfman algebra. For our goals, we first recall the notions of universal enveloping and convolution algebra, and we present the structure of the Courant-Dorfman algebra of a Courant algebroid (E, [[·, ·]], ·, · , ρ) following [41] .
Universal enveloping and convolution algebra
Let K be a commutative ring containing 1 2 , V and W two K-modules and (·, ·) : V ⊗ V → W a symmetric bilinear form. Consider the graded K-module L = V [1]⊕W [2] and define the non-trivial brackets to be −(·, ·). Then L becomes a graded Lie algebra over K. Let J be the homogeneous ideal of the tensor algebra T (L) that is generated by elements of the form
By definition, the universal enveloping algebra of L is U (L) = T (L)/J and U (L) carries a natural filtration: Let S(W ) = k≥0 S k (W ) be the symmetric algebra of W and define, for p ≥ 0,
where R is here the submodule generated by elements of the form
is an associative algebra equipped with the convolution product and called the convolution algebra of U (L). Since U (L) is non-positively graded one gets that A is non-negatively graded. Each element of A p = Hom(U (L) −p , R) is determined by
By construction, any ω k is symmetric in the W -arguments and satisfies
for v i , v j ∈ V and i = 1, . . . , p − 2k. Equivalently, each ω k defines a map
Similarly, since S(W [2] ) is a coalgebra (concentrated in even non-positive degrees), Hom(S(W [2]), R) is an algebra with multiplication given, for H ∈ Hom(S p (W [2]), R),
Here and henceforth, sh(p, q) is the set of (p, q)-shuffles permutations of 1, . . . , p + q, i.e., of permutations τ such that τ (1) < . . . < τ (p) and τ (p + 1) < . . . < τ (p + q). This leads to the following formula for the multiplication in A:
where (−1) |σ| is the signature of σ and the multiplication in each summand takes place in Hom(S(W [2]), R). In particular, for k = 0,
where the multiplication in each summand takes place in R.
The cohomology of the Courant-Dorfman algebra of a Courant algebroid
We now define the standard complex of a Courant-Dorfman algebra associated to a Courant algebroid (E, [[·, ·]], ·, · , ρ).
and Ω 1 = Γ(T * M ). We thus have a metric R-module (E, ·, · ) and a symmetric bilinear
is a graded Lie algebra over R with the nontrivial brackets being determined by −(·, ·). The universal enveloping algebra U (L) and corresponding convolution algebra A = A(E, Ω 1 ; R) = Hom(U (L), R) are also defined as above. In particular, we have
Set C 0 = R and, for each p > 0, let C p ⊂ A p be the submodule consisting of elements ω = (ω 0 ,ω 1 , . . . ,ω [ p 2 ] ) such that eachω k satisfies the following two additional conditions:
R Ω 1 is the R-module of the k-symmetric power of the R-module Ω 1 and
It is easy to see that the space Hom R (S k R Ω 1 , R) is identified with the R-module X k of symmetric k-derivations of R, that is, symmetric k-linear forms on R with values in R which are derivations in each argument ( [41] , Appendix A, or [26] , paragraph 3.2). Hence, the imageω k (e 1 , . . . , e p−2k ) of (e 1 , . . . , e p−2k ) ∈ E ⊗ p−2k can be viewed as either a symmetric k-derivation of R whose value on f 1 , . . . , f k ∈ R will be denoted by ω k (e 1 , . . . , e p−2k ; f 1 , . . . , f k ), or as a symmetric R-multilinear function on S k R Ω 1 whose value on a k-tuple (α 1 , . . . , α k ) of elements of Ω 1 will be denoted bȳ ω k (e 1 , . . . , e p−2k ; α 1 , . . . , α k ).
It is then obvious that ω k (e 1 , . . . , e p−2k ; df 1 , . . . , df k ) = ω k (e 1 , . . . , e p−2k ; f 1 , . . . , f k ) (11) and so in the following we will interchange between the two realizations of elements of C p without other notice.
Proof. A straightforward computation shows that
where, for any k = 0, . . . ,
Proposition 2.4 ([41])
The operator d is a derivation of degree +1 of C(E, R) and squares to zero.
The complex (C(E, R), d) is named the standard complex of (E, R) and its p-th cohomology module is denoted by H p (E, R).
We continue by defining two inner products in C. Let α ∈ Ω 1 , and consider the operator
Then, for f ∈ R, we define the operator i f so that
Define also the operator i e :
where
The operators i f , i e are derivations of degree −2 and −1 respectively, satisfying the Leibniz rules
Proof. Use formulae (10), (15) , (14) and (17) to show that as an element of C, it is
, where a straightforward computation shows that
is a graded Lie algebra over K with the non-trivial brackets given by − ·, · . Let {·, ·} be the graded commutator on the space of graded endomorphisms of C. If P and Q are two graded endomorphisms of degree p and q, respectively, then the graded endomorphism
is of degree p + q. Thus, there is a graded Lie algebra representation i : L ′ → End(C) of L ′ in the space End(C) of endomorphisms of C defined by the assignments E ∋ e → i e and R ∋ f → i f . By construction, the commutation relations are
Commuting the inner products i e and i f with the derivation d, we define the corresponding Lie derivatives:
Lemma 2.6 The following Cartan's commutation relations hold:
Proof. Direct computation. 
Dirac structures and Manin pairs

Remarks 2.8
1) The first condition in Definition 2.7 is equivalent to L = L ⊥ , where L ⊥ denotes the subbundle of E that is orthogonal to L with respect to ·, · . It is also equivalent to the conditions ·, · | L×L = 0 and rankL = 1 2 rankE. Thus, L is both isotropic and coisotropic and so, in analogy with the terminology in Symplectic Geometry, it is also called Lagrangian subbundle of E. Note that E has Lagrangian subbundles L if and only if the pairing ·, · has split signature ( 1 2 rankE, 1 2 rankE). We can also prove that L admits maximal isotropic complements. A choice of such a maximal isotropic subbundle L ′ complement of L relatively to E, E = L⊕L ′ , determines an isomorphism between the dual bundle L * of L and the subbundle L ′ . The corresponding graded commutative R-algebra C(L, R) = C p (L, R) p≥0 is the space of R-multilinear alternating forms on L, i.e., C p (L, R) = Γ( p L * ). It is endowed with the differential d generalizing the classical Chevalley-Eilenberg differential. For any ω ∈ Γ( p L * ) and l 0 , l 1 , . . . , l p ∈ Γ(L),
The resulting cochain complex (C(L, R), d) is called the Rinehart complex of (L, R). For more details, see [37] , [19] . 3. The subbundle L = F ⊕F 0 , where F ⊆ T M is an involutive regular distribution on M and F 0 ⊆ T * M its annihilator in T * M (e.g. [2] ). Clearly, F = F ⊥ and defines a regular foliation of M . The involutivity of F is equivalent to the integrability of L. Therefore, regular foliations of a manifold can be viewed as particular cases of Dirac structures.
In the above cases, the pairs (E, L) are Manin pairs.
Dorfman connections
The notion of Dorfman connection introduced in [17] by Jotz Lean is a new concept adapted to Courant algebroid theory and plays a role similar to the one that linear connections play for tangent bundles and Lie algebroids. In the following, for our use, we present a slightly modified definition of this concept where the role of the dull algebroid 3 is given to a Courant algebroid.
Predual vector bundle
We first define the notion of predual vector bundle B of a Courant algebroid E and discuss the properties of two vector subbundles of B and E with particular significance in our study. 
The triple (B, d B , ·, · ) is called predual of E, and E and B are said to be paired by ·, · . Let P = (p ij ) be the s × r matrix defined by the pairing ·, · with respect to the frames (e 1 , . . . , e r ) and (b 1 , . . . , b s ), ρ = (ρ i j ) the n × r matrix of the anchor ρ : E → T M with respect to the frames (e 1 , . . . , e r ) and ( ∂ ∂x 1 , . . . , ∂ ∂x n ), and A = (α ij ) the s × n matrix of α with respect to (dx 1 , . . . , dx n ) and (b 1 , . . . , b s ). The coefficients of the above matrices are in C ∞ (M, R) and (24) is equivalent to A T P = ρ.
The first can be viewed as an element of Γ(B * ) and the second as an element of Γ(E * ). Denote by K the subbundle ker E of B over M , called the kernel of E in B with respect to ·, · , whose fiber at a point x ∈ M is the space
Denote also by F the subbundle kerB of E over M , called the kernel of B in E with respect to ·, · , whose fiber at a point x ∈ M is the space
By definition of F , it is e, d B f = 0, for any e ∈ Γ(F ), f ∈ C ∞ (M, R). Since e, d B f = 0 (24) ⇔ ρ(e)(f ) = 0, one has that any f ∈ C ∞ (M, R) is first integral of any vector field ρ(e), e ∈ Γ(F ). This is possible, only if ρ(e) = 0 ⇔ e ∈ Γ(ker ρ). Thus F can also be determined as the subbundle of ker ρ ⊆ E whose fiber at each point x ∈ M is the space
Assuming that the pairing ·, · is of constant rank on M , we get that K and F are also of constant rank. We now make some observations for the cases rankK ≥ 0 and rankF ≥ 0. and so e,
The above allow us to write any b ∈ Γ(B) in the form
and
Next, we discuss the relationship between ·, · and ·, · . For e ∈ Γ(E) and b =
i.e. the restriction ·, · | Γ(E)×Γ(E * ) of ·, · on Γ(E) × Γ(E * ) ∼ = Γ(E) × Γ(E) recovers the bilinear nondegenerate symmetric form ·, · . We reformulate this as follows: Let (e 1 , . . . , e r , k 1 , . . . , k s−r ) be an appropriate frame of smooth sections of B whose first r elements constitute a frame of smooth sections of E and the last s − r = rankK a frame of smooth sections of K. Let also G denote the r × r nondegenerate matrix of ·, · in (e 1 , . . . , e r ). Denoting by P the matrix of ·, · , one then has P = G 0 (s−r)×r .
Finally, we make some comments about the sections 
does not play any role in definition (24), assume without loss of generality that The pairing ·, · induces a nondegenerate pairing between B * and B denoted by ·, · ′′ .
On the other hand,
It is easy to see that the pairing ·, · between E and E * , defined by the symmetric bilinear form on E, induces a nondegenerate pairing between B and B * and between F and F * . Identifying B with B * and F with F * we get that the pairings between B and B * induced by ·, · and ·, · coincide. In conclusion, write
Consider now an appropriate frame of smooth sections (b 1 , . . . , b s , f s+1 , . . . , f r ) of E adapted to the splitting (29) . Let again G be the matrix corresponding to ·, · , P to ·, · and ρ to the anchor map. In block form, they are
Of course, if g is constant along the integral manifolds of Imρ, then d E g = 0, and so d B g = 0. 4
The above remarks explain the term predual of E for the triple (B, d B , ·, · ). such that, for all e ∈ Γ(E), b ∈ Γ(B), and f ∈ C ∞ (M, R), the following three axioms are satisfied:
Dorfman connections
The last condition means that the space Γ(Imd B ) of smooth sections of Imd B is invariant under the map ∇ e , for any e ∈ Γ(E).
Let C(E, B) be the set of E-Dorfman connections on B. We prove that it is nonempty. (24) to hold, choose P in such a way that A T P = ρ. This is always possible. If rankA = s, the matrix A T has a left inverse matrix A T −1 L , thus P = A T −1 L ρ. If rankA = m < s, we have more than one ways to define P . Without loss of generality, suppose that the first m columns of the matrix
are linearly independent at each x ∈ M and so the block A 1 has a left inverse matrix A 1 −1 L . One can then solve the equation A T P = ρ:
For any choice of the block P 2 of P , we find the block P 1 by the last equation and thus the matrix P . We proceed by constructing an E-Dorfman connection. Let ∇ : Γ(E)×Γ(B) → Γ(B) be defined, for any e ∈ Γ(E) and (f 1 , . . . , f s ) ∈ Γ(B), by
where P i (e) is the i-coordinate function of the section e, · = P e of B * . One can easily check that (32) satisfies the first and second condition of Definition 3.3. The third condition is satisfied if and only if, for any k = 1, . . . , s,
In fact, the k-term of ∇ e d B f , is
where ρ l (e) is the l-coordinate function of the vector field ρ(e), while the k-term of
Taking into account that A T P = ρ, it follows that the two terms are equal if and only if (33) holds. This is because the system of partial differential equations (33) is equivalent to the integrability condition (31) . Thus (32) defines an E-Dorfman connection on B compatible with the predual structure of E on B defined by (A, P ).
The E-Dorfman connection (32) on the trivial bundle B is called the trivial E-Dorfman connection on B. Proof. We start by showing that C(E, B) is non empty. Choose an open cover (U i ) i∈I of M such that, for any i ∈ I, B| U i is trivial, and pick a smooth partition of unity (ψ j ) j∈J subordinate to this cover. Since B| U i is trivial, it admits the trivial E-Dorfman connection ∇ i given in Lemma 3.4. This connection is compatible with the induced predual structure of E| U i on B| U i . Then
is an E-Dorfman connection on B, so C(E, B) is non empty. Note that ∇ 0 satisfies ( 
is a B-linear connection on E. If B ∼ = E/F , take a : B → T M , a = ρ| B . One then checks that the map D :
is a B-linear connection on E.
By (36) and (37), the compatibility condition (4) between ·, · and [[·, ·]] can be rewritten, in both cases, as
for any e, e ′ ∈ Γ(E), b ∈ Γ(B). The expression above can be considered as a compatibility condition between the Courant algebroid structure of E and the E-Dorfman connection on B.
Comment 3.10 The compatibility condition (38) is slight different from the one given in [17] (Proposition 3.4) between the bracket of a dull algebroid and a Dorfman connection. The difference lies in the fact that a Courant bracket does not satisfiy, like a dull bracket, the Leibniz identity in both arguments.
Curvature of Dorfman connections
Let C p (E; B) be the space of p-cochains with values in Γ(B) and C(E; B) = (C p (E; B) 
Clearly, the space C p (E; B) is identified with C p ⊗ Γ(B) and C(E; B) ∼ = C ⊗ Γ(B). 
We extend the multiplication · in C (see formula (10) ) to a multiplication, also denoted by ·, between elements of C and C ⊗ Γ(B) setting, for any ω ∈ C p and η
As in the theory of linear connections, one can prove that the Dorfman covariant derivation d ∇ extends uniquely to an operator of degree +1, denoted also by d ∇ ,
satisfying the Leibniz rule
for all ω ∈ C p , b ∈ Γ(B). Taking into account the formula (13) as well as the second axiom of Definition 3.3, we have that, for any H = (H 0 , H 1 , . . . ,
, e j+1 , . . . , e p+1−2k ; f 1 , . . . , f k ).
Extend the operators (15) and (16) to operators on C • ⊗ Γ(B) by
The commutator (20) also naturally extends to the space of graded endomorphisms of C ⊗ Γ(B). This way we obtain the operators
satisfying and the graded-commutation identities
Note also that, for f ∈ C ∞ (M, R) and e ∈ Γ(E), the operator
has the property
It follows that the vector bundle map d ∇ b : Γ(E) → Γ(B) is not an homomorphism as in the case of classical linear connections, but satisfies the Leibniz formula 
Also,
Lemma 3.13 The map
and is C ∞ (M, R)-linear on the sections of B.
Also, for any f ∈ C ∞ (M, R),
It follows that the map (d ∇ ) 2 : Γ(B) → C 2 ⊗ Γ(B) is an End(B)-valued element of C 2 , and so can be identified with an element R ∇ = (R ∇ 0 , R ∇ 1 ) of C 2 ⊗ Γ (End(B) ).
Definition 3.14 For any E-Dorfman connection ∇ on a smooth vector bundle B → M with a predual structure of E, the object (d ∇ ) 2 ∈ C 2 ⊗ Γ (End(B) ) is called the curvature of ∇. An E-Dorfman connection ∇ on B whose curvature (d ∇ ) 2 is identically zero is called flat. Γ(B) of an E-Dorfman connection ∇ on a predual vector bundle B of E satisfies the following identities:
Furthermore, the restriction of (d ∇ ) 2 on Imd B vanishes.
Proof. Let b ∈ Γ(B), e 1 , e 2 ∈ Γ(E), and f ∈ C ∞ (M, R) ∼ = R. Then one has
which is the well know formula of curvature. We also write i e 2 •i e 1 ((d ∇ ) 2 b) = R ∇ 0 (e 1 , e 2 )b, and so
Since i f is of degree −2, it is
Clearly R ∇ 0 (e 1 , e 2 )d B g = 0 and R ∇ 1 (f )d B g = 0, for any g ∈ C ∞ (M, R). Thus, The curvature R ∇ * = (R ∇ * 0 , R ∇ * 1 ) of ∇ * is then defined by the relations
Induced connections and Bianchi identity
As in the classical case, ∇ induces an E-Dorfman connection on any tensor bundle constructed from B. In particular, the pair (∇ * , ∇) induces an E-Dorfman connection ∇ on B * ⊗ B ∼ = End(B) by
It is then a simple calculation to check that the connection ∇ has the following properties:
Proposition 3.18 Let e ∈ Γ(E) and τ ∈ Γ (End(B) ). Then ∇ satisfies
Denote by C p (E; End(B) ) the space of End(B)-valued p-cochains and set C(E; End(B)) = (C p (E; End(B))) p≥0 . Each element Φ of C p (E; End(B)) is determined by ( 
characterized by the following conditions: Γ(End(B) )) takes values in Hom R (S k R Ω 1 , Γ (End(B) )), where S k R Ω 1 is the R-module of the k-symmetric power of the R-module Ω 1 and Hom R (S k R Ω 1 , Γ (End(B) )) is the space of R-linear maps S k R Ω 1 → Γ (End(B) );
Hence, the space C p (E; End(B)) is identified with C p ⊗ Γ(End(B)) and C(E; End(B)) ∼ = C ⊗ Γ (End(B) ).
The E-Dorfman connection ∇ on End(B) defines a covariant derivation operator d ∇ : Γ(End(B)) → C 1 ⊗ Γ (End(B) ) such that, for any f ∈ C ∞ (M, R) and τ ∈ Γ (End(B) ), it is
This extends uniquely to an operator of degree +1, denoted also d ∇ , on the space of End(B)-valued p-cochains C p (E) ⊗ Γ(End(B)): (End(B) ). End(B) ) and, for any e 1 , e 2 , e 3 ∈ Γ(E), (d ∇ (R ∇ )) 0 (e 1 , e 2 , e 3 ) (51) = ∇ e 1 (R ∇ 0 (e 2 , e 3 )) − ∇ e 2 (R ∇ 0 (e 1 , e 3 )) + ∇ e 3 (R ∇ 0 (e 1 , e 2 )) −R ∇ 0 ( 
More precisely, the image of an element
For the last equation use the curvature expression (47) and the fact that the bracket [[·, ·]] verifies the Jacobi identity (3) . Similarly, for (d ∇ (R ∇ )) 1 one gets
With respect to the extention ∇ one can prove that its curvature R ∇ = (R ∇ 0 , R ∇ 1 ) is given, for any e 1 , e 2 ∈ Γ(E), f ∈ C ∞ (M, R), and τ ∈ Γ (End(B) ), by 
Examples of Dorfman connections
defines an E-Dorfman connection on (E, d E , ·, · ). Its dual E-Dorfman connection ∇ * on E * = T * M ⊕ T M is given, for any (X, ζ) ∈ Γ(E) and (η, Y ) ∈ Γ(E * ), by . Choose a classical Fconnection △ on F (there always exists one) and denote by △ * its dual connection on F * . One can then check directly that the map
Example 2. Accordingly to Proposition 4.12 in [14] , the bundle of quadratic Lie algebras G, endowed with the induced Courant algebroid structure from this one of F * ⊕ G ⊕ F , is a Courant algebroid. Precisely, if ι : G → F * ⊕ G ⊕ F is the inclusion of G into F * ⊕ G ⊕ F and pr G : F * ⊕ G ⊕ F → G the projection of F * ⊕ G ⊕ F on the second summand, the Dorfman bracket on Γ(G) is given, for any r 1 , r 2 ∈ Γ(G), by [r 1 , r 2 ] G = pr G ([[ι(r 1 ), ι(r 2 )]]), the anchor map by ρ G = ρ • ι = 0, and the inner product by r 1 , r 2 G = ι(r 1 ), ι(r 2 ) . We consider the map
defined, for any r ∈ Γ(G) and ξ + s + X ∈ Γ(F * ⊕ G ⊕ F ), by
where Q is the map mentioned in the previous example and ⊳ : Γ(F ) × Γ(G) → Γ(G) is the F -linear connection on G provided by the Courant algebroid structure on F * ⊕G ⊕F , [6] . Then, (55) yields a G-Dorfman connection on F * ⊕ G ⊕ F . 
whereē denotes the class of e ∈ Γ(E) in Γ(E/L). As an element of C 2 (L; End(E/L)) ∼ = Γ( 2 L * ) ⊗ Γ(End(E/L)), the curvature R ∇ L vanishes identically on the sections of L. For l 1 , l 2 ∈ Γ(L),ē ∈ Γ(E/L), we have
= 0.
For the second point, let (∇ L ) * : Γ(L) × Γ((E/L) * ) → Γ((E/L) * ) be the dual L-Dorfman connection of ∇ L and R (∇ L ) * its curvature. By (49) it follows that (E/L) * is an L-Dorfman module.
Remarks 3.24
1. In [17] it was noted that the Dorfman connection ∇ L of the last Proposition is analogous with the Bott connection defined by an involutive subbundle of T M . For this reason, it is named Bott-Dorfman connection associated to L.
2. Since L is a Lagrangian subbundle, E/L ∼ = L * and, because ∇ L is flat, so (d ∇ L ) 2 = 0, the covariant derivation d ∇ L is the Lie algebroid differential operator of L on Γ(L * ), [32] , [33] . We arrive at a similar result, if we consider B ′ = T * M ⊕ V * , which evidently has a predual structure of E, and ∇ ′ : Γ(E) × Γ(B ′ ) → Γ(B ′ ) the projection on Γ(B ′ ) of the restriction of [[·, ·]] on Γ(E) × Γ(B ′ ). I.e, for any e = (X, ζ, λ out , λ in ) ∈ Γ(E) and b ′ = (η, µ in ) ∈ Γ(B ′ ),
The Atiyah class of a Manin pair
In this section, we describe the construction of the Atiyah class of a Manin pair (E, L) which is interpreted as the obstruction to the existence of an L-compatible E-Dorfman connection on a predual vector bundle B extending a given L-Dorfman action on B.
L-compatible E-Dorfman connections
Throughout this section (B, d B , ·, · ) is a predual of a Courant algebroid (E, [[·, ·]], ·, · , ρ), L ⊂ E a Dirac structure, and ∇ (L) an L-Dorfman action on B. We first discuss extentions of ∇ (L) to an E-Dorfman connection ∇ on B in the sense that ∇ l b = ∇ (L) l b, for any l ∈ Γ(L) and b ∈ Γ(B). For this, choose a (maximal isotropic) subbundle L ′ of E complementary to L, i.e. E = L ⊕ L ′ . Then one has to look for an R-bilinear map
such that the map
defined, for any section e = l + l ′ of E with l ∈ Γ(L), l ′ ∈ Γ(L ′ ), by
is an E-Dorfman connection on B. It is easy to check that ∇ verifies the three axioms of Definition 3.3 if and only if ∇ (L ′ ) verifies them also. Hence, the question is to show the existence of an L ′ -Dorfman connection on B. l ′ d B f (28) = [[l ′ , d E f ]] + △ 1 ρ(d E f ) l ′ = d E (L ρ(l ′ ) f ) (28) = d B (L ρ(l ′ ) f ). 
. It is easy to check that ∇ (L ′ ) defines a L ′ -Dorfman connection on B. In fact, for the first property of Definition 3.3, it is
and for the second property,
Finally, if f is constant along Imρ, then d B f = 0, and so ∇ To prove the second claim of the proposition, let ∇ 1 = ∇ (L) + ∇ 1(L ′ ) and ∇ 2 = ∇ (L) + ∇ 2(L ′ ) be two E-Dorfman connections on B extending the L-Dorfman action ∇ (L) . By Proposition 3.7, their difference ∇ 1 − ∇ 2 is a vector bundle map from E to (B/Imd B ) * ⊗ B that vanishes on L. Hence, the difference ∇ 1 − ∇ 2 is a section of (E/L) * ⊗ (B/Imd B ) * ⊗ B ∼ = L 0 ⊗ (B/Imd B ) * ⊗ B ∼ = L 0 ⊗ Hom(B/Imd B , B). End(B) ) be the Dorfman covariant derivative defined by ∇ (L) = ((∇ L ) * , ∇ (L) ). Since ∇ (L) is flat, it is (d ∇ (L) ) 2 = 0. In fact, d ∇ (L) coincides with the graded differential of degree +1 on Γ( L * ) and with values in the L-Dorfman module L 0 ⊗ End(B) that is defined by the Lie algebroid structure of L (see, e.g. [32] , [33] ). End(B) ) set ∇ ′ = ∇ − ψ. Then, R ∇ ′ B = 0, which implies that ∇ ′ is L-compatible with ∇ (L) . In fact, with the usual notation, 
